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ON THE DEFORMED BOTT-CHERN COHOMOLOGY
WEI XIA
Abstract. Given a compact complex manifold X and a integrable Beltrami dif-
ferential φ ∈ A0,1(X,T 1,0X ), we introduce a double complex structure on A
•,•(X)
naturally determined by φ and study its Bott-Chern cohomology. In particular, we
establish a deformation theory for Bott-Chern cohomology and use it to compute
the deformed Bott-Chern cohomology for the Iwasawa manifold and the holomor-
phically parallelizable Nakamura manifold. The ∂∂¯φ-lemma is studied and we show
a compact complex manifold satisfying ∂∂¯φ-lemma is formal.
Key words: deformation of complex structures, Bott-Chern cohomology, ∂∂¯φ-
lemma.
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1. Introduction
The Bott-Chern cohomology are important invariants of complex manifolds [BC65].
It has been studied by many authors in recent years [Ang13, AT15b, AT15a, AT17,
ADT16, AK17a]. For example, Schweitzer studied the Hodge theory for Bott-Chern
cohomology and gave a hypercohomology interpretation to it [Sch07]. Angella-Tomassini
proved Fro¨hlicher type inequalities for Bott-Chern cohomology and gave a beau-
tiful characterization of the ∂∂¯-lemma [AT13]. Recently, S. Yang and X. Yang
proved a blow-up formula for the Bott-Chern cohomology and they showed that
satisfying the ∂∂¯-Lemma is a bimeromorphic invariant for threefolds [YY17], see
[RYY19, ASTT17, Ste18a, Ste18b, Men19] for related works.
Let X be a complex manifold and Xt a small deformation (of X) whose complex
structure is represented by a Beltrami differential φ ∈ A0,1(X,T 1,0X ). In this paper,
we will study the Bott-Chern cohomology of the double complex (A•,•(X), ∂, ∂¯φ):
(1.1) Hp,qBCφ(X) :=
ker dφ ∩Ap,q(X)
Im ∂∂¯φ ∩Ap,q(X)
,
which we called the deformed Bott-Chern cohomology, where dφ = ∂ + ∂¯φ and ∂¯φ =
∂¯ − L1,0φ . In Section 3, we will show that there are similar hypercohomology in-
terpretations to the deformed Bott-Chern cohomology as to the usual Bott-Chern
cohomology.
Let π : (X ,X) → (B, 0) be a deformation of a compact complex manifold X such
that for each t ∈ B the complex structure on Xt is represented by Beltrami differential
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φ(t). Given a Bott-Chern class [y] ∈ Hp,qBC(X), as motivated by our previous work on
deformation of Dolbeault cohomology classes [Xia19], we try to construct a family of
(p, q)-forms σ(t) (on an analytic subset T of B) such that
1. σ(t) is holomorphic in t;
2. ∂σ(t) = ∂¯φ(t)σ(t) = 0, ∀t ∈ T ;
3. [σ(0)] = [y] ∈ Hp,qBC(X).
We will develop a deformation theory for Bott-Chern cohomology in this respect, see
Section 4. Among other things, we show the following
Theorem 1.1. Let ̟ : (Y, Ys0) → (D, s0) be a small deformation of the compact
complex manifold X such that the complex structure of each fiber Ys is represented
by the Beltrami differential ψ(s), then the set {s ∈ D | dimHp,q
BCψ(s)(Ys0) ≥ k} is an
analytic subset of D for any nonnegative integer k.
In [AT15a, Thm. 1 and 2], Angella-Tomassini generalized their previous result [AT13]
to arbitrary double complex [AT15b]. This result, when applied to our situation, will
give rise to the following
Theorem 1.2. Let X be a compact complex manifold and Xt a small deformation (of
X) whose complex structure is represented by a Beltrami differential φ ∈ A0,1(X,T 1,0X ).
Then for every (p, q) ∈ N× N, we have
(1.2) dimHp,qBCφ(X) + dimH
p,q
Aφ(X) ≥ dimHp,q∂¯t (Xt) + dimH
p,q
∂ (X).
In particular, for every k ∈ N, we have
(1.3)
∑
p+q=k
dimHp,qBCφ(X) +
∑
p+q=k
dimHp,qAφ(X) ≥ 2 dimHkdR(X),
and equality holds if and only if X satisfies the ∂∂¯φ-lemma.
Note that when Xt is a trivial deformation, i.e. φ = 0, Theorem 1.2 is reduced to
the result in [AT13]. Combine Theorem 1.2 with Theorem 1.1, we get
Corollary 1.3. Let π : (X ,X)→ (B, 0) be a small deformation of the compact com-
plex manifold X such that for each t ∈ B the complex structure on Xt is represented
by Beltrami differential φ(t). Then the set
T := {t ∈ B | X satisfies the ∂∂¯φ(t)-lemma}
is an analytic open subset (i.e. complement of analytic subset) of B. In particular,
if B ⊂ C is a small open disc with 0 ∈ B and T is not empty, then T = B or
T = B \ {0}.
It is known that satisfying the ∂∂¯-lemma is a deformation open property and not
a deformation closed property in the sense of Popovici [Pop14], see [AT13, AK17b]
and the references therein. But it is still not clear whether satisfying the ∂∂¯-lemma
is an analytically open property, i.e. does the corresponding statement in Corollary
1.3 holds for the ∂∂¯-lemma? On the other hand, we see from Corollary 1.3 that if
X satisfies the ∂∂¯-lemma then X also satisfies the ∂∂¯φ(t)-lemma for small t. But
conversely, if X satisfies the ∂∂¯φ(t)-lemma for all small t it is possible that X does
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not satisfy the ∂∂¯-lemma. Hence the following Theorem generalize the corresponding
well-known result of Deligne-Griffiths-Morgan-Sullivan [DGMS75]:
Theorem 1.4. Let X be a compact complex manifold and Xt a small deformation (of
X) whose complex structure is represented by a Beltrami differential φ ∈ A0,1(X,T 1,0X ).
If X satisfies the ∂∂¯φ-lemma, then X is formal.
The dimensions of the deformed Bott-Chern cohomology is computed for the Iwa-
sawa manifold and the holomorphically parallelizable Nakamura manifold, see Section
6. Comparing this with the computations of Angella-Kasuya [AK17b], we see that
there exists compact complex manifold X and its small deformation Xt such that Xt
satisfy the ∂∂¯-lemma but X does not satisfy the ∂∂¯φ(t)-lemma.
There are many questions regarding the ∂∂¯φ-lemma may be asked:
Question 1.5. Let π : (X ,X)→ (B, 0) be a small deformation of the compact com-
plex manifold X such that for each t ∈ B the complex structure on Xt is represented
by Beltrami differential φ(t).
1. Is it true that
(1.4) dimHp,q
BCφ(t)
(X) ≥ dimHp,qBC(Xt)
for any t ∈ B and (p, q) ∈ N × N? If this holds, then X satisfies the ∂∂¯φ(t)-
lemma will imply Xt satisfy the ∂∂¯-lemma. Note that (1.4) is true for the
examples considered in Section 6;
2. If B ⊂ C is a small open disc with 0 ∈ B, can we find an example such that
T = B \ {0} (in the notation of Corollary 1.3)? According to Corollary 1.3,
there should be many such examples. In this case, the Fro¨hlicher spectral
sequence on the central fiber X must degenerates at E1, see Remark 5.4;
3. If Xt is Ka¨hler, is it true that X must satisfy the ∂∂¯φ(t)-lemma?
2. The deformed double complex (A•,•(X), ∂, ∂¯φ) and its Bott-Chern
cohomology
Let X be a complex manifold and Xt a small deformation (of X) whose com-
plex structure is represented by a Beltrami differential φ ∈ A0,1(X,T 1,0X ). Recall the
following useful facts [LRY15, Xia18]:
e−iφdeiφ = d− L1,0φ − L0,1φ − i 1
2
[φ,φ] and L0,1φ = −i∂¯φ .
Since φ satisfy the Maurer-Cartan equation ∂¯φ− 12 [φ, φ] = 0, we have
(2.1) dφ := e
−iφdeiφ = ∂ + ∂¯φ, with ∂¯φ = ∂¯ − L1,0φ ,
and
(2.2) dφ¯ := e
−iφ¯deiφ¯ = ∂φ + ∂¯, with ∂φ = ∂ − L0,1φ¯ .
Since [∂, ∂¯φ] = [∂φ, ∂¯] = 0, the deformed Bott-Chern cohomology can be defined as
follows:
(2.3) Hp,qBCφ(X) :=
ker dφ ∩Ap,q(X)
Im ∂∂¯φ ∩Ap,q(X)
, Hp,q
BCφ¯
(X) :=
ker dφ¯ ∩Ap,q(X)
Im ∂φ∂¯ ∩Ap,q(X)
, ∀p, q ≥ 0 ,
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and hp,qBCφ := dimH
p,q
BCφ(X), h
p,q
BCφ¯
:= dimHp,q
BCφ¯
(X). The conjugation gives a natural
isomorphism between Hp,qBCφ(X) and H
q,p
BCφ¯
(X), we thus have hp,qBCφ = h
q,p
BCφ¯
.
3. Hypercohomology interpretations to the deformed Bott-Chern
cohomology
It is clear that the Poincare´ lemma holds for dφ and ∂¯φ (for the latter, see [Xia19,
Thm. 4.4]). The sheaf of germs of ∂¯φ-closed p-forms will be denoted by Ω
p
φ. The
following Lemma is essentially proved in [Sch07]:
Lemma 3.1. Let U ⊂ Cn be an open ball.
1. Let θ ∈ Ak(U) with k ≥ 1 such that θp,q = 0 except p1 ≤ p ≤ p2(p1 < p2).
If θ is dφ-closed, then θ = dφα for some α ∈ Ak−1(U) with αp,q = 0 except
p1 ≤ p ≤ p2 − 1.
2. Assume θ ∈ Ap,q(U) is dφ-closed.
i) If p ≥ 1 and q ≥ 1, then θ ∈ ∂∂¯φAp−1,q−1(U).
ii) If p ≥ 1 and q = 0, then θ ∈ ∂Ωp−1φ (U).
i¯i) If p = 0 and q ≥ 1, then θ ∈ ∂¯φΩ¯q−1(U).
iii) If p = q = 0, then θ is a constant.
3. Assume θ ∈ Ap,q(U) is ∂∂¯φ-closed.
i) If p ≥ 1 and q ≥ 1, then θ ∈ ∂¯φAp,q−1(U) + ∂Ap−1,q(U).
ii) If p ≥ 1 and q = 0, then θ ∈ Ωpφ(U) + ∂Ap−1,0(U).
i¯i) If p = 0 and q ≥ 1, then θ ∈ ∂¯φA0,q−1(U) + Ω¯q(U).
iii) If p = q = 0, then θ ∈ Oφ(U) + O¯(U).
4. Let θ ∈ Ak(U) with k ≥ 1 and p1, q1, p2, q2 be two positive integers with
p1+q1 = p2+q2 = k. If (dφθ)
p,q = 0 for p+q = k+1, p1+1 ≤ p ≤ p2 and q1 ≥
q ≥ q2+1, then there exists γp1,q1 , αp1,q1−1, αp1+1,q1−2, · · · , αp2−1,q2 , γp2,q2, s.t.
γp1,q1 is ∂-closed, γp2,q2 is ∂¯φ-closed and
θp1,q1 = γp1,q1 + ∂¯φα
p1,q1−1,
θp1+1,q1−1 = ∂αp1,q1−1 + ∂¯φα
p1+1,q1−2,
· · · ,
θp2−1,q2+1 = ∂αp2−2,q2+1 + ∂¯φα
p2−1,q2 ,
θp2,q2 = ∂αp2−1,q2 + γp2,q2 ,
in particular, we have
θp1,q1 + θp1+1,q1−1 + · · ·+ θp2,q2 = γp1,q1 + dφα+ γp2,q2 ,
where α = αp1,q1−1 + αp1+1,q1−2 + · · ·+ αp2−1,q2.
Proof. 1.First, by the dφ-Poincare´ lemma, we can write θ = dφβ for some β ∈
Ak−1(U). If p1 = 0 and p2 = k there is nothing to prove, so we assume
1 p1 > 0 or
p2 < k. We first consider the case p1 > 0. We deduce from θ = dφβ that ∂¯φβ
0,k−1 =
θ0,k = 0, and by applying the ∂¯φ-Poincare´ lemma, one can write β
0,k−1 = ∂¯φγ
0,k−2.
1We may further assume that k ≥ 2 because the case k = 1 is trivial.
4
Set β˜ := β−dφγ0,k−2, we have dφβ˜ = θ but β˜0,k−1 = 0. We can therefore assume that
β does not have components of type (0, k − 1). Now if p1 > 1, then since β0,k−1 = 0
we have 0 = θ1,k−1 = ∂¯φβ
1,k−2+ ∂β0,k−1 = ∂¯φβ
1,k−2. By the ∂¯φ-Poincare´ lemma, one
can write β1,k−2 = ∂¯φγ
0,k−3. Set β˜ := β − dφγ0,k−3, we have dφβ˜ = θ but β˜1,k−2 = 0.
We can therefore assume that β does not have components of type (1, k − 2). By
repeating this reasoning, we can assume that β does not have components of type
(p, q) for p < p1. The case p2 < k can be proved in the same way by applying the
∂-Poincare´ lemma.
2.iii) is obvious. We first assume p ≥ 1. We apply 1. to the form θ for p1 =
p − 1, p2 = p: there exists α ∈ Ap−1,q(U) s.t. θ = dφα and so θ = ∂α with ∂¯φα = 0.
This is ii). If furthermore q ≥ 1, by the ∂¯φ-Poincare´ lemma, we can write α = ∂¯φβ
and so θ = ∂∂¯φβ. This is i). For i¯i), we apply 1. to θ for p1 = 0, p2 = 1: there exists
α ∈ A0,q−1(U) s.t. θ = dφα and so θ = ∂¯φα with ∂α = 0.
3.Set θp+1,q := ∂αp,q then θp+1,q is dφ-closed. By 2.i) and ii), there exists α ∈
Ap,q(U) s.t. θp+1,q = ∂α with ∂¯φα = 0. Note that ∂(θ − α) = 0 and θ = (θ − α) + α.
Then 3. follows from the ∂¯φ-Poincare´ lemma and the ∂-Poincare´ lemma.
4.First from the assumption we see that (dφθ)
p1+1,q1 = ∂θp1,q1 + ∂¯φθ
p1+1,q1−1 = 0.
In particular, θp1,q1 is ∂∂¯φ-closed. By 3.i) and i¯i) there exists γ
p1,q1 s.t. γp1,q1 is
∂-closed2 and θp1,q1 = γp1,q1 + ∂¯φα
p1,q1−1. Note that ∂¯φ(θ
p1+1,q1−1 − ∂αp1,q1−1) =
∂(−θp1,q1+ ∂¯φαp1,q1−1) = ∂γp1,q1 = 0, so θp1+1,q1−1 = ∂αp1,q1−1+γp1+1,q1−1 such that
γp1+1,q1−1 is ∂¯φ-closed. Hence we can write θ
p1+1,q1−1 = ∂αp1,q1−1 + ∂¯φα
p1+1,q1−2.
Again from the assumption we see that (dφθ)
p1+2,q1−1 = ∂θp1+1,q1−1+∂¯φθ
p1+2,q1−2 =
0, and note that ∂¯φ(θ
p1+2,q1−2 − ∂αp1+1,q1−2) = ∂(−θp1+1,q1−1 + ∂¯φαp1+1,q1−2) =
−∂2αp1,q1−1 = 0, we have θp1+2,q1−2 = ∂αp1+1,q1−2 + ∂¯φαp1+2,q1−3.
Continuing in this way, we get the desired results. In the last two steps, from
(dφθ)
p2−1,q2+2 = 0 we get θp2−1,q2+1 = ∂αp2−2,q2+1+∂¯φα
p2−1,q2 and from (dφθ)
p2,q2+1 =
0 we get θp2,q2 = ∂αp2−1,q2 + γp2,q2 . 
Let X be a complex manifold. For fixed p ≥ 1 and q ≥ 1, we define a sheaf complex
L •φ (which depend on (p, q)) as follows:
(3.1)
{
L kφ =
⊕
r+s=k,r<p,s<qA
r,s, for k ≤ p+ q − 2,
L
k−1
φ =
⊕
r+s=k,r≥p,s≥qA
r,s, for k ≥ p+ q.
The differential is given by
0 // L 0φ
Π
L1
φ
dφ
// L 1φ
Π
L2
φ
dφ
// L 2φ
// · · ·
// L
p+q−3
φ
Π
L
p+q−2
φ
dφ
// L
p+q−2
φ
∂∂¯φ
// L
p+q−1
φ
dφ
// L
p+q
φ
dφ
// · · · ,
2γp1,q1 is ∂-exact if p1 ≥ 1.
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where ΠL k :
⊕
r+s=kA
r,s −→ L kφ is the projection. In particular, we find that
L
p+q−2
φ = A
p−1,q−1
∂∂¯φ
// L
p+q−1
φ = A
p,q
dφ
// L
p+q
φ = A
p,q+1 ⊕Ap+1,q,
and so Hp+q−1(X,L •φ )
∼= Hp+q−1(L •φ (X)) = Hp,qBCφ(X). The sheaf complex L •φ has
the following subcomplexes
(S ′•φ, ∂) : Oφ ∂ // Ω1φ ∂ // Ω2φ ∂ // · · · ∂ // Ωp−1φ // 0,
(S ′′φ
•, ∂¯φ) : O¯
∂¯φ
// Ω¯1
∂¯φ
// Ω¯2
∂¯φ
// · · · ∂¯φ // Ω¯q−1 // 0,
and
S
•
φ := (S
′•
φ, ∂) + (S
′′•
φ, ∂¯φ)
3.
Note that by Lemma 3.1, the complex (S ′•φ, ∂) is exact for 0 < k < p − 1 where
S ′
k
φ = Ω
k
φ.
Proposition 3.2. The inclusion S •φ →֒ L •φ induces an isomorphism H k(S •φ ) ∼=
H k(L •φ ), ∀k ≥ 0, and we have4
H
k(S •φ )
∼= H k(L •φ ) =


C, for k = 0, p > 1, q > 1,
Oφ, for k = 0, p = 1, q > 1,
O¯, for k = 0, p > 1, q = 1,
Oφ ⊕ O¯, for k = 0, p = 1, q = 1,
Ωp−1φ /∂Ω
p−2
φ , for 0 < k = p− 1 and p 6= q,
Ω¯q−1/∂¯φΩ¯
q−2, for 0 < k = q − 1 and p 6= q,
Ωp−1φ /∂Ω
p−2
φ ⊕ Ω¯p−1/∂¯φΩ¯p−2, for 0 < k = p− 1 = q − 1,
0, otherwise.
Proof. First, we show that H k(L •φ ) = 0 for k ≥ max{p, q}. In fact, for k ≥ p + q,
this follows from Lemma 3.1 1.; for k = p+ q− 1, this follows from Lemma 3.1 2.; for
k = p + q − 2, this follows from Lemma 3.1 3.; for k < p + q − 2, this follows5 from
Lemma 3.1 4. .
Now we discuss the cases when k < p or k < q.
For k = p − 1 ≥ q, if θ = θp−q,q−1 + · · · θp−1,0 ∈ L p−1φ (U) is dL p−1
φ
-closed where
U ⊂ X is an open ball. By Lemma 3.1 4., we can write
θp−q,q−1 = γp−q,q−1 + ∂¯φα
p−q,q−2, · · · , θp−1,0 = ∂αp−2,0 + γp−1,0,
3The sum is direct except k = 0 and Oφ + O¯ −→ Ω
1
φ ⊕ Ω¯
1 : f + g → (∂f, ∂¯φg).
4See also [Koo11, pp. 31].
5We apply Lemma 3.1 4. for p1 = k−q+1, q1 = q−1, p2 = p−1, q2 = k−p+1. Note that we have
θk−q+1,q−1 = ∂γk−q,q−1+ ∂¯φα
k−q+1,q−2 and dLk−1γ
k−q,q−1 = ∂γk−q,q−1, where dLk−1 = ΠLk−1dφ.
Similarly, θp−1,k−p+1 = ∂αp−2,k−p+1 + ∂¯φγ
p−1,k−p and dLk−1γ
p−1,k−p = ∂¯φγ
p−1,k−p.
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where γp−q,q−1 is ∂-closed and γp−1,0 is ∂¯φ-closed. Since p−q ≥ 1, we have γp−q,q−1 =
∂γp−q−1,q−1 = dL p−2γ
p−q−1,q−1 and so
θ = d
L
p−2
φ
(γp−q−1,q−1 + α) + γp−1,0, with α = αp−q,q−2 + · · ·+ αp−2,0.
On the other hand, if θ is dL •
φ
-exact, then there exists u = up−q−1,q−1+ · · ·+up−2,0 ∈
L
p−2
φ (U) s.t.
d
L
p−2
φ
u = (dφu)
p−q,q−1 + · · · + (dφu)p−1,0 = θ = θp−q,q−1 + · · ·+ θp−1,0.
Therefore ∂up−2,0 = θp−1,0 = ∂αp−2,0 + γp−1,0 ⇒ γp−1,0 = ∂(up−2,0 − αp−2,0) and
up−2,0 − αp−2,0 is ∂∂¯φ-closed. By Lemma 3.1 3.ii), we see that γp−1,0 ∈ ∂Ωp−2φ (U).
We thus have
H
p−1(L •φ ) =
Im d
L
p−2
φ
+Ωp−1φ
Im d
L
p−2
φ
+ ∂Ωp−2φ
=
Ωp−1φ
∂Ωp−2φ
= H p−1(S •φ ).
For k = p − 1 < q − 1, if θ = θ0,p−1 + · · · θp−1,0 ∈ L p−1φ (U) is dL p−1
φ
-closed, by
Lemma 3.1 4., we can write
θ0,p−1 = γ0,p−1 + ∂¯φα
0,p−2, · · · , θp−1,0 = ∂αp−2,0 + γp−1,0,
where γ0,p−1 is ∂-closed and γp−1,0 is ∂¯φ-closed. Note that since k = p − 1 < q − 1,
we have d
L
p−1
φ
θ = 0 ⇒ ∂¯φθ0,p−1 = (dφθ)0,p = 0 ⇒ γ0,p−1 ∈ ∂¯φΩ¯p−2 by Lemma 3.1
2.i¯i). Hence γ0,p−1 ∈ Im d
L
p−2
φ
. On the other hand, if θ is dL •
φ
-exact, then one can
show as above that γp−1,0 ∈ ∂Ωp−2φ (U). We thus have
H
p−1(L •φ ) =
Im d
L
p−2
φ
+Ωp−1φ
Im d
L
p−2
φ
+ ∂Ωp−2φ
=
Ωp−1φ
∂Ωp−2φ
= H p−1(S •φ ).
For k = p− 1 = q − 1, we have
H
p−1(L •φ ) =
Im d
L
p−2
φ
+ Ω¯p−1 +Ωp−1φ
Im d
L
p−2
φ
+ ∂¯φΩ¯p−2 + ∂Ω
p−2
φ
=
Ωp−1φ
∂Ωp−2φ
⊕ Ω¯
p−1
∂¯φΩ¯p−2
= H p−1(S •φ ).

Consider the complex B•φ which is a modification of S
•
φ given by
6
B•φ : C
// Oφ ⊕ O¯
∂⊕∂¯φ
// Ω1φ ⊕ Ω¯1
∂⊕∂¯φ
// Ω2φ ⊕ Ω¯2 // · · ·
// Ωq−1φ ⊕ Ω¯q−1
∂⊕0
// Ωqφ
∂ // · · · ∂ // Ωp−1φ // 0,
6This is the case when p ≥ q, the case p < q is similar. To make our notations clear and simple,
we will only write explicitly one of the cases in what follows.
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where the first morphism is defined by
C −→ Oφ ⊕ O¯ : a 7→ (a,−a) .
Proposition 3.3. The natural map from B•φ to S
•
φ [1], where
B
1
φ = Oφ ⊕ O¯ −→ S 1φ [1] = Oφ + O¯ : (a, b) 7→ a− b ,
induces an isomorphism H k(S •φ [1])
∼= H k(B•φ), ∀k ≥ 0.
Proof. Note that H 1(B•φ) = C ⊕ C/C(1,−1) −→ C = H 1(S •φ [1]) : (a, b) 7→ a− b is
an isomorphism. 
It follows that
(3.2) Hp,qBCφ(X)
∼= Hp+q(M,L •φ [1]) ∼= Hp+q(M,S •φ [1]) ∼= Hp+q(M,B•φ) .
Similarly, for fixed p ≥ 1 and q ≥ 1, we define a sheaf complex L •
φ¯
as follows:
(3.3)
{
L k
φ¯
=
⊕
r+s=k,r<p,s<qA
r,s, for k ≤ p+ q − 2,
L
k−1
φ¯
=
⊕
r+s=k,r≥p,s≥qA
r,s, for k ≥ p+ q.
The differential is given by
0 // L 0
φ¯
Π
L1
φ¯
dφ¯
// L 1
φ¯
Π
L2
φ¯
dφ¯
// L 2
φ¯
// · · ·
// L
p+q−3
φ¯
Π
L
p+q−2
φ¯
dφ¯
// L
p+q−2
φ¯
∂φ∂¯
// L
p+q−1
φ¯
dφ¯
// L
p+q
φ¯
dφ¯
// · · · .
We have Hp+q−1(X,L •
φ¯
) ∼= Hp+q−1(L •
φ¯
(X)) = Hp,q
BCφ¯
(X). The sheaf complex L •
φ¯
has the following subcomplex
S •
φ¯
: O ⊕ O¯φ
∂φ⊕∂¯
// Ω1 ⊕ Ω¯1φ
∂φ⊕∂¯
// Ω2 ⊕ Ω¯2φ // · · ·
// Ωp−1 ⊕ Ω¯p−1φ
0⊕∂¯
// Ω¯pφ
∂¯ // · · · ∂¯ // Ω¯q−1φ // 0.
Proposition 3.4. The inclusion S •
φ¯
→֒ L •
φ¯
induces an isomorphism H k(S •
φ¯
) ∼=
H k(L •
φ¯
), ∀k ≥ 0, and we have
H
k(S •
φ¯
) ∼= H k(L •φ¯ ) =


C, for k = 0, p > 1, q > 1,
O, for k = 0, p = 1, q > 1,
O¯φ, for k = 0, p > 1, q = 1,
O ⊕ O¯φ, for k = 0, p = 1, q = 1,
Ωp−1/∂φΩ
p−2, for 0 < k = p− 1 6= q − 1,
Ω¯q−1φ /∂¯Ω¯
q−2
φ , for 0 < k = q − 1 6= p− 1,
Ωp−1/∂φΩ
p−2 ⊕ Ω¯p−1φ /∂¯Ω¯p−2φ , for 0 < k = p− 1 = q − 1,
0, otherwise.
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Consider the complex B•
φ¯
which is a modification of S •
φ¯
given by
B•
φ¯
: C // O ⊕ O¯φ
∂φ⊕∂¯
// Ω1 ⊕ Ω¯1φ
∂φ⊕∂¯
// Ω2 ⊕ Ω¯2φ // · · ·
// Ωp−1 ⊕ Ω¯p−1φ
0⊕∂¯
// Ω¯pφ
∂¯ // · · · ∂¯ // Ω¯q−1φ // 0.
Proposition 3.5. The natural map from B•
φ¯
to S •
φ¯
[1], where
B
1
φ¯
= O¯φ ⊕O −→ S 1φ¯ [1] = O¯φ +O : (a, b) 7→ a− b ,
induces an isomorphism H k(S •
φ¯
[1]) ∼= H k(B•
φ¯
), ∀k ≥ 0.
It follows that
(3.4) Hp,q
BCφ¯
(X) ∼= Hp+q(M,L •φ¯ [1]) ∼= Hp+q(M,S •φ¯ [1]) ∼= Hp+q(M,B•φ¯) .
Remark 3.6. There are natural isomorphisms
Hp,0BCφ(X)
∼= Hp,0BC(Xt) : σ 7→ eiφσ, H0,qBCφ¯(X) ∼= H
0,q
BC(Xt) : σ 7→ eiφ¯σ,
and note also that
H0,qBCφ(X) = H
0,q
BC(X), H
p,0
BCφ¯
(X) ∼= Hp,0BC(X).
3.1. The Bott-Chern cohomology on Xt. Let X be a complex manifold and Xt
a small deformation (of X) whose complex structure is represented by a Beltrami
differential φ ∈ A0,1(X,T 1,0X ), then by [Xia19, Th. 4.3] or [RZ18, Prop. 2.13] we know
that there are isomorphism of sheaves
eiφ : Ωpφ −→ ΩpXt , p = 0, 1, 2, · · · , n,
which give rise to the following commutative diagram
C • : C
(+,−)
// Oφ ⊕ O¯φ ∂⊕∂¯ //
id

Ω1φ ⊕ Ω¯1φ //
e
iφ⊕e
i
φ¯

· · ·
B•Xt
: C
(+,−)
// OXt ⊕ O¯Xt
∂t⊕∂¯t // Ω1Xt ⊕ Ω¯1Xt // · · ·
// Ωq−1φ ⊕ Ω¯q−1φ
∂⊕0
//
e
iφ⊕e
i
φ¯

Ωqφ
//
e
iφ

· · · ∂ // Ωp−1φ //
e
iφ

0
// Ωq−1Xt ⊕ Ω¯
q−1
Xt
∂t⊕0 // ΩqXt
// · · · ∂t // Ωp−1Xt // 0.
We see that
Hp,qBC(Xt) = H
p+q−1(L •Xt(M))
∼= Hp+q−1(M,L •Xt) ∼= Hp+q(M,B•Xt) ∼= Hp+q(M,C •),
where M is the underlying smooth manifold of X and Xt.
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3.2. The case of Aeppli cohomology. The deformed Aeppli cohomology can be
defined as follows:
(3.5) Hp,qAφ(X) :=
ker ∂∂¯φ ∩Ap,q(X)
Im dφ ∩Ap,q(X)
, Hp,q
Aφ¯
(X) :=
ker ∂φ∂¯ ∩Ap,q(X)
Im dφ¯ ∩Ap,q(X)
, ∀p, q ≥ 0 ,
and hp,qAφ := dimH
p,q
Aφ(X), h
p,q
Aφ¯
:= dimHp,q
Aφ¯
(X). The conjugation gives a natural iso-
morphism between Hp,qAφ(X) and H
q,p
Aφ¯
(X), we thus have hp,qAφ = h
q,p
Aφ¯
.
For fixed p ≥ 0 and q ≥ 0, similar to the constructions for the Bott-Chern coho-
mology we define a sheaf complex which still denoted by L •φ as follows:
(3.6)
{
L kφ =
⊕
r+s=k,r<p+1,s<q+1A
r,s, for k ≤ p+ q,
L
k−1
φ =
⊕
r+s=k,r≥p+1,s≥q+1A
r,s, for k ≥ p+ q + 2.
The differential is given by
0 // L 0φ
Π
L1
φ
dφ
// L 1φ
Π
L2
φ
dφ
// L 2φ
// · · ·
// L
p+q−1
φ
Π
L
p+q
φ
dφ
// L
p+q
φ
∂∂¯φ
// L
p+q+1
φ
dφ
// L
p+q+2
φ
dφ
// · · · ,
In particular, we find that
L
p+q−1
φ = A
p,q−1 ⊕Ap−1,q
Π
L
p+q
φ
dφ
// L
p+q
φ = A
p,q
∂∂¯φ
// L
p+q+1
φ = A
p+1,q+1,
and so Hp+q(X,L •φ )
∼= Hp+q(L •φ (X)) = Hp,qAφ(X). The other hypercohomology inter-
pretations of the deformed Bott-Chern cohomology holds similarly for the deformed
Aeppli cohomology. The Hodge star operator induces the following duality between
the deformed Bott-Chern cohomology and the deformed Aeppli cohomology [Sch07,
pp. 10]:
(3.7) Hp,qBCφ(X)
∼= Hn−q,n−pAφ (X), and Hp,qBCφ¯(X) ∼= H
n−q,n−p
Aφ¯
(X) .
4. Deformations of Bott-Chern classes
Let π : (X ,X) → (B, 0) be the Kuranishi family of a compact complex manifold
X such that for each t ∈ B the complex structure on Xt is represented by Beltrami
differential φ(t). The Bott-Chern Laplacian operator is defined as
(4.1) BC := (∂∂¯)(∂∂¯)
∗ + (∂∂¯)∗(∂∂¯) + (∂¯∗∂)(∂¯∗∂)∗ + (∂¯∗∂)∗(∂¯∗∂) + ∂¯∗∂¯ + ∂∗∂,
and the deformed Bott-Chern Laplacian operator is defined as
(4.2) BCφ := (∂∂¯φ)(∂∂¯φ)
∗+(∂∂¯φ)
∗(∂∂¯φ)+(∂¯
∗
φ∂)(∂¯
∗
φ∂)
∗+(∂¯∗φ∂)
∗(∂¯∗φ∂)+ ∂¯
∗
φ∂¯φ+∂
∗∂.
Both BC and BCφ are 4-th order self-adjoint elliptic differential operator [Sch07,
MK71]. We have
(4.3) HBC := kerBC = ker ∂ ∩ ker ∂¯ ∩ ker(∂∂¯)∗
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and the following orthogonal direct sum decomposition holds:
(4.4) A•,• = kerBC ⊕ Im ∂∂¯ ⊕ (Im ∂∗ + Im ∂¯∗),
which is equivalent to the existence of the Green operator GBC such that
1 = HBC +BCGBC .
The same is true for the deformed Bott-Chern Laplacian operator BCφ. It follows
from (4.4) that
(4.5) ker(∂∂¯)∗ = HBC ⊕ (Im ∂∗ + Im ∂¯∗).
Lemma 4.1. The natural map
(4.6)
ker(∂∂¯)∗ ∩ ker dφ(t) ∩Ap,q(X)
ker(∂∂¯)∗ ∩ Im ∂∂¯φ(t) ∩Ap,q(X)
−→ Hp,q
BCφ(t)(X)
is an isomorphism.
Proof. In fact, let t be fixed and consider the family (with parameter s) of vector
subspaces ker(∂∂¯φ(s))
∗ ∩ Hp,q
BCφ(t)(X) in the finite dimensional space Hp,qBCφ(t)(X), we
have
dimker(∂∂¯)∗ ∩Hp,q
BCφ(t)
(X) ≥ dimker(∂∂¯φ(t))∗ ∩Hp,qBCφ(t)(X) = dimH
p,q
BCφ(t)
(X)
which implies
(4.7) Hp,q
BCφ(t)(X) ⊂ ker(∂∂¯)∗ ∩Ap,q(X).
By (4.7) the harmonic projection operator HBCφ(t) induce the following homomor-
phism
ker(∂∂¯)∗ ∩ ker dφ(t) ∩Ap,q(X)
ker(∂∂¯)∗ ∩ Im ∂∂¯φ(t) ∩Ap,q(X)
−→ Hp,q
BCφ(t)(X) = ker(∂∂¯)
∗ ∩Hp,q
BCφ(t)(X),
which is easily seen to be an isomorphism. 
Let ϕ ∈ Ap,q(X) and GBC : Ap,q(X) → Ap,q(X) be the Green operator, then for
k ≥ 2 we have
(4.8) ‖GBCϕ‖k+α ≤ C‖ϕ‖k−4+α,
where C > 0 is independent of ϕ and ‖ · ‖k+α is the Ho¨lder norm.
We have the following observation:
Proposition 4.2. 1. ∀σ ∈ Ap,q(X), if dφ(t)σ = dσ − L1,0φ(t)σ = 0 and (∂∂¯)∗σ = 0,
then we must have
σ = HBCσ −GBCA∂iφσ,
where HBC : Ap,q(X) → Hp,qBC(X) is the projection operator to harmonic space and
A := ∂¯∗∂∂∗ + ∂¯∗.
2. For any fixed σ0 ∈ Hp,qBC(X), the equation
(4.9) σ = σ0 −GBCA∂iφσ,
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has an unique solution given by σ =
∑
k σkt
k and σk = −GBCA
∑
i+j=k ∂iφjσi, for
|t| small.
Proof. The first assertion follows from the Hodge decomposition:
σ = HBCσ +GBCBCσ = HBCσ +GBCAL1,0φ(t)σ = HBCσ −GBCA∂iφσ ,
where we have used the fact that dφσ = 0⇔ ∂σ = ∂¯σ + ∂iφσ = 0.
For the second assertion, substitute σ = σ(t) =
∑
k σkt
k in (4.9), we have (for
simplicity, we assume r = 1)
(4.10)


σ1 = −GBCA∂iφ1σ0,
σ2 = −GBCA(∂iφ2σ0 + ∂iφ1σ1),
· · · ,
σk = −GBCA
∑
i+j=k ∂iφjσi, ∀k > 0.
For the convergence of σ(t), we note that
(4.11) ‖σj‖k+α = ‖GBCA
∑
a+b=j
∂iφaσb‖k+α ≤ C
∑
a+b=j
‖φa‖k+α‖σb‖k+α,
for some constant C depends only on k and α. Now it is left to show the uniqueness.
Let σ and σ′ be two solutions to σ = σ0 − GBCA∂iφσ and set τ = σ − σ′. Then
τ = −GBCA∂iφτ , we have
(4.12) ‖τ‖k+α ≤ c‖φ(t)‖k+α‖τ‖k+α,
for some constant c > 0. When |t| is sufficiently small, ‖φ(t)‖k+α is also small. Hence
we must have τ = 0. The last assertion is obvious. 
Definition 4.3. For any t ∈ B and a vector subspace V = C{σ10 , · · · , σN0 } ⊆ Hp,qBC(X),
we set
Vt :={
N∑
l=1
alσ
l
0 ∈ V | (a1, · · · , aN ) ∈ CN s.t. dφ(t)σ(t) = 0,
where σ(t) =
∑
k
σkt
k with σ0 =
∑
l
alσ
l
0 and σk = −GBCA
∑
i+j=k
∂iφjσi, ∀k 6= 0}.
Note that Vt consists of those vectors of the form
∑
l alσ
l
0 such that the coefficients
al satisfy the following linear equation:
N∑
l=1
aldφ(t)σ
l(t) = 0,
where σl(t) =
∑
k σ
l
kt
k with σlk = −GBCA
∑
i+j=k ∂iφjσi, ∀k 6= 0. We see that Vt is
a vector subspace of V and varies with t.
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Definition 4.4. We set
ft :Vt −→
ker(∂∂¯)∗ ∩ ker dφ(t) ∩Ap,q(X)
ker(∂∂¯)∗ ∩ Im ∂∂¯φ(t) ∩Ap,q(X)
∼= Hp,qBCφ(t)(X),
σ0 7−→ σ(t) =
∑
k
σkt
k, where σk = −GBCA
∑
i+j=k
∂iφjσi, ∀k 6= 0.
Proposition 4.5. If V = Hp,qBC(X), then ft is surjective.
Proof. By Proposition 4.2, The map
f˜t :Vt −→ ker(∂∂¯)∗ ∩ ker dφ(t) ∩Ap,q(X),
σ0 7−→ σ(t) =
∑
k
σkt
k, where σk = −GBCA
∑
i+j=k
∂iφjσi, ∀k 6= 0,
is an isomorphism. 
Theorem 4.6. Let X be a compact complex manifold and π : (X ,X)→ (B, 0) be the
Kuranishi family of X. For any p, q ≥ 0, let V = C{σ10, · · · , σN0 } be a linear subspace
of Hp,qBC(X) and σl(t) = f˜tσl0, l = 1, · · · , N . Define a subset B(V ) of B by
B(V ) := {t ∈ B | dφ(t)σl(t) = 0, l = 1, · · · , N},
Then B(V ) are analytic subsets of B and we have
(4.13) B(V ) = {t ∈ B | dimV = dim Im ft + dimker ft}.
In particular, we have
(4.14) B′ = B(Hp,qBC(X)) = {t ∈ B | dimHp,qBC(X) = dimHp,qBCφ(t)(X) + dimker ft}.
Proof. First, let {Uα} be a finite open cover of X, and uα1 , uα2 , · · · , be local orthonor-
mal frames of p+ q + 1-forms on the Uα, then ∀l = 1, · · · , N , we have
dφ(t)σ
l(t) = 0⇔ alαj (t) :=< dφ(t)σl(t) |Uα , uαj >= 0, ∀j, α,
where < ·, · > is the inner product on the space Ap+q+1(Uα). We see that each alαj (t)
is holomorphic in t and so
B(V ) = {t ∈ B | alαj (t) = 0,∀j, l, α}
is an analytic subset of B.
Note that
t ∈ B(V )⇔ Vt = V.
So (4.13) follows from the fact that dimVt = dim Im ft+dimker ft. If V = H0,q(X,E),
then ft : Vt → H0,q∂¯φ(t)(X,E) is surjective by Proposition 4.5 and (4.14) follows. 
Corollary 4.7. Let X be a compact complex manifold, then B′ = B if and only if
dimHp,qBC(X) = dimH
p,q
BCφ(t)(X) + dimker ft for any t ∈ B.
Corollary 4.8. Let X be a compact complex manifold, then dimHp,q
BCφ(t)
(X) is in-
dependent of t if and only if B′ = B and dimker ft = 0 for any t ∈ B.
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Definition 4.9. Let π : (X ,X) → (B, 0) be a deformation of a compact complex
manifold X such that for each t ∈ B the complex structure on Xt is represented
by Beltrami differential φ(t). Given [y] ∈ Hp,qBC(X) and T ⊆ B, which is a complex
subspace of B containing 0, a deformation of [y] (w.r.t. π : (X ,X) → (B, 0) ) on T
is a family of (p, q)-forms σ(t) such that
1. σ(t) is holomorphic in t ∈ T ;
2. dφ(t)σ(t) = 0, ∀t ∈ T ;
3. [σ(0)] = [y] ∈ Hp,qBC(X).
A deformation σ(t) of [y] on T is called canonical if
(∂∂¯)∗σ(t) = 0 and HBCσ(t) = HBCy, ∀t ∈ T.
If there exists σ(t) ∈ Ap,q(X)[[t]] such that 2., 3. are satisfied formally, then we call
σ(t) a formal deformation of [y]. Two deformations σ(t) and σ′(t) of [y] on T are
equivalent if
[σ(t)− σ′(t)] = 0 ∈ Hp,qBC(X), ∀t ∈ T.
We say [y] has unobstructed deformation if for any small deformation ̟ : (Y, Ys0)→
(D, s0) of X which is realised as the pullback of the Kuranishi family π : X → B via
the following commutative diagram:
(Y, Ys0) Φ //
̟

(X ,X)
π

(D, s0)
h // (B, 0),
there exists a deformation of Φ∗s0 [y] (w.r.t. ̟) on D = h
−1(B). Such classes are also
called unobstructed classes. If every class in Hp,qBC(X) have unobstructed deformation,
then we say the Bott-Chern deformations of (p, q)-forms on X is unobstructed.
Note that an important difference between the deformation theory of Dolbeault
cohomology [Xia19] and that of Bott-Chern cohomology is there are no appropriate
obstruction space in the latter case. In contrast, the obstruction of deforming a class
in Hp,q
∂¯
(X) lies in Hp,q+1
∂¯
(X). In the remainder of this section, We confine ourselves
to sketching the essential points of the deformation of Bott-Chern cohomology. Since
this part of the theory is very similar to the case of Dolbeault cohomology, the proofs
will be omitted.
The notions of canonically unobstructed w.r.t. π and the pullback of deformations
are defined in the same way as in [Xia19]. We have
Theorem 4.10. Let ̟ : (Y, Y0) → (D, 0) be a small deformation of the compact
complex manifold X which is realised as the pullback of the Kuranishi family π : X →
B with the following commutative diagram:
(Y, Y0) Φ //
̟

(X ,X)
π

(D, 0)
h // (B, 0) ,
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and for each s ∈ D the complex structure on Ys is represented by Beltrami differential
ψ(s). For any q ≥ 0, let V ̟ be a linear subspace of Hp,qBC(Y0). Define subsets D(V ̟)
of D by
D(V ̟) := h−1(B(Φ∗−10 V ̟)),
where Φ∗−10 : Hp,qBC(Y0)→Hp,qBC(X) is induced by the biholomorphic map Φ0 : Y0 → X.
Then D(V ̟) are analytic subsets of D and we have
(4.15) D(V ̟) = {s ∈ D | dimV ̟ = dim Im fs + dimker fs}.
In particular, we have
(4.16) D′ = D(Hp,qBC(Y0)) = {s ∈ D | dimHp,qBC(Y0) = dimHp,qBCψ(s)(Y0)+dimker fs}.
The maps f˜s and fs is defined in the following manner:
Definition 4.11. For any s ∈ D and a vector subspace V ̟ ⊆ Hp,qBC(Y0), we set
V ̟s :={τ0 ∈ V ̟ | dψ(s)τ(s) = 0 where τ(s) =
∑
k
τks
k
is the canonical deformation of τ0 and dψ(s) = d− L1,0ψ(s)}.
Definition 4.12. Set
f˜s : V
̟
s −→ ker dψ(s) ∩Ap,q(Y0), τ0 7→ τ(s) ,
and
fs : V
̟
s −→ Hp,qBCψ(s)(Y0), τ0 7→ τ(s) ,
where τ(s) is the canonical deformation of τ0.
It can be shown that the following is a commutative diagram:
(4.17) Vt
ft
//
Φ∗0

Hp,q
BCφ(t)(X)
Φ∗0

V ̟s
fs
// Hp,q
BCψ(s)(Y0),
where t = h(s), and we thus have
Proposition 4.13. If V ̟ = H0,q(Y0, E0), then fs is surjective.
A notable consequence of Proposition 4.13 is the following
Theorem 4.14. Let ̟ : (Y, Ys0) → (D, s0) be a small deformation of the compact
complex manifold X such that the complex structure of each fiber Ys is represented
by the Beltrami differential ψ(s), then the set {s ∈ D | dimHp,q
BCψ(s)(Ys0) ≥ k} is an
analytic subset of D for any nonnegative integer k.
Remark 4.15. This result can also be shown by observing that Hp,q
BCψ(s)(Ys0) ⊆
Hp,qBC(Ys0) see the proof of Lemma 4.1.
The canonical deformations has the following universal properties:
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Theorem 4.16. 1. Let ̟ : (Y, Ys0)→ (D, s0) be a small deformation of the compact
complex manifold X which is realised as the pullback of the Kuranishi family π : X →
B with the following commutative diagram:
(Y, Y0) Φ //
̟

(X ,X)
π

(D, 0)
h // (B, 0),
and [y] ∈ Hp,qBC(X). Assume S is an analytic subset of D with s0 ∈ S, if there is a
canonical deformation of Φ∗s0 [y] on S then S ⊆ h−1(B(CHBCy)) and any canonical
deformation of Φ∗s0 [y] on S is the pullback of the canonical deformation of [y] on
B(CHBCy) (restricted on S). In particular, for any Φ∗s0 [y] ∈ Hp,qBC(Y0), its canonical
deformation exists on h−1(B(CHBCy)).
2. For any deformed Bott-Chern cohomology class [u] ∈ Hp,q
BCψ(s)(Ys0), there exists
σ0 ∈ Hp,qBC(X) such that [u] = [h∗σ(s)] where σ(t) is the canonical deformation of σ0.
5. The deformed Fro¨hlicher spectral sequences and the ∂∂¯φ-lemma
Let X be a complex manifold and Xt a small deformation (of X) whose complex
structure is represented by a Beltrami differential φ ∈ A0,1(X,T 1,0X ). Set the deformed
de Rahm cohomology as
H•dφ(X) := ker dφ/Im dφ,
then it is clear that eiφ : H•dφ(X;C)→ H•dR(X;C) is an isomorphism and the identity
map induces the following commutative diagram:
(5.1) H•,•BCφ(X)
yyss
ss
ss
ss
ss
 %%❑
❑❑
❑❑
❑❑
❑❑
❑
H•,•∂ (X)
%%❑
❑❑
❑❑
❑❑
❑❑
❑❑
H•,•dφ (X)

H•,•
∂¯φ
(X)
yyss
ss
ss
ss
s
H•,•Aφ(X)
Definition 5.1. The spectral sequence associated to the double complex (A•,•(X), ∂, ∂¯φ)
will be called the deformed Fro¨hlicher spectral sequence and we say X satisfies the
∂∂¯φ-lemma if the homomorphism H
•,•
BCφ(X)→ H•,•dφ (X) in (5.1) is injective, i.e.
ker ∂ ∩ ker ∂¯φ ∩ Im dφ = Im ∂∂¯φ.
Set dcφ := J
−1dφJ =
√−1(∂¯φ − ∂), where J is the almost complex structure on X.
It is easy to see that ker ∂ ∩ ker ∂¯φ = ker dφ ∩ ker dcφ and Im ∂∂¯φ = Im dφdcφ. Hence,
X satisfies the ∂∂¯φ-lemma if and only if
(5.2) ker dφ ∩ ker dcφ ∩ Im dφ = Im dφdcφ ,
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or
(5.3) ker dφ ∩ ker dcφ ∩ Im dcφ = Im dφdcφ .
There are two natural filtrations on A•,•(X):
F pA•,•(X) =
⊕
r≥p,s≥0
Ar,s(X), F¯ pA•,•(X) =
⊕
r≥0,s≥p
Ar,s(X),
which induces two filtrations on the deformed de Rahm cohomology Hkdφ(X) for each
k ≥ 0:
F pHkdφ(X) = {α ∈ Hkdφ(X) | ∃u ∈ F pA•,•(X) s.t. α = [u]},
and
F¯ pHkdφ(X) = {α ∈ Hkdφ(X) | ∃u ∈ F¯ pA•,•(X) s.t. α = [u]}.
As usual, there are many ways to characterize the ∂∂¯φ-lemma:
Proposition 5.2. The following statements are equivalent:
1. X satisfies the ∂∂¯φ-lemma;
2. The maps in (5.1) induced by the identity map are all isomorphisms;
3. The deformed Fro¨hlicher spectral sequence degenerates at E1 and there is a
Hodge decomposition
Hkdφ(X;C) =
⊕
p+q=k
F pHkdφ(X) ∩ F¯ qHkdφ(X) , ∀k.
Proof. This follows directly from [DGMS75, pp. 268]. 
Theorem 5.3. Let X be a compact complex manifold and Xt a small deformation (of
X) whose complex structure is represented by a Beltrami differential φ ∈ A0,1(X,T 1,0X ).
Then for every (p, q) ∈ N× N, we have
(5.4) dimHp,qBCφ(X) + dimH
p,q
Aφ(X) ≥ dimHp,q∂¯t (Xt) + dimH
p,q
∂ (X).
In particular, for every k ∈ N, we have
(5.5)
∑
p+q=k
dimHp,qBCφ(X) +
∑
p+q=k
dimHp,qAφ(X) ≥ 2 dimHkdR(X),
and equality holds if and only if X satisfies the ∂∂¯φ-lemma.
Proof. This follows from similar arguments as in [AT13]. In fact, this theorem
is a direct consequence of [AT15a, Thm. 1 and 2] by noting that dimHp,q
∂¯φ
(X) =
dimHp,q
∂¯t
(Xt) [Xia19, Thm. 4.4]. 
Remark 5.4. 1. From the work of Angella-Tardini [AT17, Thm. 3.1] we know
that X satisfies the ∂∂¯φ-lemma if and only if∑
p+q=k
dimHp,qBCφ(X) =
∑
p+q=k
dimHp,qAφ(X) ;
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2. From Proposition 5.2 we see that if X satisfies the ∂∂¯φ-lemma, then for every
(p, q) ∈ N× N, we have
dimHp,qBCφ(X) = dimH
p,q
Aφ(X) = dimH
p,q
∂¯t
(Xt) = dimH
p,q
∂ (X).
In particular, by Theorem 5.3 we have hkBCφ = h
k
Aφ = h
k
∂¯t
(Xt) = h
k
∂¯
= bk
7,
namely, the Fro¨hlicher spectral sequence of (A•,•(X), ∂, ∂¯) degenerates at E1.
Corollary 5.5. Let π : (X ,X)→ (B, 0) be a small deformation of the compact com-
plex manifold X such that for each t ∈ B the complex structure on Xt is represented
by Beltrami differential φ(t). Then the set
T := {t ∈ B | X satisfies the ∂∂¯φ(t)-lemma}
is an analytic open subset (i.e. complement of analytic subset) of B. In particular,
if B ⊂ C is a small open disc with 0 ∈ B and T is not empty, then T = B or
T = B \ {0}.
Proof. First, by Theorem 5.3, X satisfies the ∂∂¯φ(t)-lemma if and only if
(5.6) hkBCφ(t) + h
k
Aφ(t) = 2bk.
We note that by Theorem 4.14 the set {t ∈ B | (5.6) holds} is an analytic open subset
of B since
{t ∈ B | hkBCφ(t) + hkAφ(t) = 2bk, ∀ k} = B \ {t ∈ B | hkBCφ(t) + hkAφ(t) ≥ 2bk +1, ∀ k}.

Recall that a smooth manifoldX is called formal if its de Rahm complex (A•(X), d)
is formal as a differential graded algebra (DGA for short). The later means that
there is a sequence of quasi-isomorphisms from (A•(X), d) to its cohomology algebra
(H•dR(X), 0)
8, see [DGMS75, FHT01].
Theorem 5.6. Let X be a compact complex manifold and Xt a small deformation (of
X) whose complex structure is represented by a Beltrami differential φ ∈ A0,1(X,T 1,0X ).
If X satisfies the ∂∂¯φ-lemma, then X is formal.
Proof. Consider the following homomorphisms of DGA
(A•(X), dφ) (A
•(X) ∩ ker dcφ, dφ)
ioo
p
// (H•dc
φ
(X), dφ = 0),
where i is the inclusion and p is the projection. We claim that the induced map i∗
is an isomorphism on cohomology. Indeed, ∀x ∈ ker dφ ∩ ker dcφ if x ∈ Im dφ then
by (5.2), x ∈ Im dφdcφ ⇒ i∗ is injective; on the other hand, by (5.3) ∀x ∈ ker dφ
there exist y ∈ A•(X) such that x − dφy ∈ ker dφ ∩ ker dcφ, this shows that i∗ is
surjective. Similarly, one shows that p∗ is an isomorphism on cohomology and dφ = 0
on H•dc
φ
(X). The conclusion then follows since (A•(X), dφ) is isomorphic to (A
•(X), d)
and H•dc
φ
(X) ∼= H•dφ(X) ∼= H•dR(X). 
7We follow the notations as given in [AT13], e.g. hkBCφ :=
∑
p+q=k dimH
p,q
BCφ(X) and bk is the
k-th Betti number.
8Here, (H•(X), 0) is considered as a differential graded algebra with trivial differential.
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6. The deformed Bott-Chern cohomology of the Iwasawa manifold and
the holomorphically parallelizable Nakamura manifold
Example 6.1. Case III-(2). Let G be the matrix Lie group defined by
G :=



 1 z1 z30 1 z2
0 0 1

 ∈ GL(3;C) | z1, z2, z3 ∈ C

 ∼= C3 .
Consider the discrete subgroup Γ defined by
Γ :=



 1 ω1 ω30 1 ω2
0 0 1

 ∈ G | ω1, ω2, ω3 ∈ Z[√−1]

 ,
The quotient X = G/Γ is called the Iwasawa manifold. A basis of H0(X,Ω1) is given
by
ϕ1 = dz1, ϕ2 = dz2, ϕ3 = dz3 − z1 dz2,
and a dual basis θ1, θ2, θ3 ∈ H0(X,T 1,0X ) is given by
θ1 =
∂
∂z1
, θ2 =
∂
∂z2
+ z1
∂
∂z3
, θ3 =
∂
∂z3
.
The Beltrami differential of the Kuranishi family of X is
φ(t) = tiλθ
iϕ¯λ −D(t)θ3ϕ¯3, with D(t) = t11t22 − t21t12,
and the Kuranishi space of X is
B = {t = (t11, t12, t21, t22, t31, t32) ∈ C6 | |tiλ| < ǫ, i = 1, 2, 3, λ = 1, 2},
where ǫ > 0 is sufficiently small. Set
φ1 =
3∑
i=1
2∑
λ=1
tiλθ
iϕ¯λ, φ2 = D(t)θ
3ϕ¯3,
and write the canonical deformation of σ0 ∈ Hp,qBC(X) by σ(t) =
∑
k σkt
k with each
σk being the homogeneous term of degree k in t ∈ B. We need to check that
(6.1) ∂σk = ∂¯σk +
k∑
j=1
∂iφjσk−j = 0, k > 0 .
Let us now consider the deformation of classes in
H2,2BC(X) = C{ϕ1213, ϕ1223, ϕ1312, ϕ1313, ϕ1323, ϕ2312, ϕ2313, ϕ2323}.
Set σ0 =
∑
aijklϕ
ijkl ∈ H2,2BC(X), then
∂iφ1σ0 = (−t12a1313 + t11a1323 − t22a2313 + t21a2323)ϕ12123
is ∂¯-exact if and only if
(6.2) t12a1313 − t11a1323 + t22a2313 − t21a2323 = 0,
and in this case the canonical solution is given by
σ1 = −GBCA∂iφ1σ0 = 0 .
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But
∂iφ2σ0 = 0 =⇒ σ2 = −GBCA∂(iφ2σ0 + iφ1σ1) = 0 ,
and φk = 0, k > 2 we thus have σk = 0, k > 2.
Therefore, for V = H2,2BC(X) we have9
Vt = {
∑
aijklϕ
ijkl | (a1213, a1223, a1312, a1313, a1323, a2312, a2313, a2323) ∈ C8 satisfy (6.2)}.
On the other hand, Im ∂∂¯φ(t) = C{∂∂¯φ(t)ϕ33¯} = C{ϕ1212} and
ker ft ∼= ker(∂∂¯)∗ ∩ Im ∂∂¯φ(t) ∩A2,2(X) = 0.
By Proposition 4.5 we have
(6.3) dimH2,2
BCφ(t)(X) =
{
8, (t11, t12, t21, t22) = 0
7, (t11, t12, t21, t22) 6= 0 .
The other deformed Bott-Chern cohomology can be computed in the same way.
Write (i), (ii), (iii) for the three cases when (t11, t12, t21, t22) = 0, (t11, t12, t21, t22) 6= 0
and D(t) = 0, D(t) 6= 0, respectively. Then we have the following (where hp,q :=
dimHp,q
BCφ(t)(X) and t ∈ (i), (ii), (iii), respectively)
h1,0 h0,1 h2,0 h1,1 h0,2 h3,0 h2,1 h1,2 h0,3 h3,1 h2,2 h1,3 h3,2 h2,3
2 2 3 4 3 1 6 6 1 2 8 2 3 3
2 2 2 4 3 1 6 6 1 2 7 2 3 3
2 2 1 4 3 1 6 6 1 2 7 2 3 3
Comparing this with the computations made by Angella [Ang13] we see that
dimHp,q
BCφ(t)(X) = dimH
p,q
BC(Xt) is not true in general for p = q.
Example 6.2. Case III-(3b). Let X = C3/Γ be the solvable manifold constructed
by Nakamura in Example III-(3b) of [Nak75]. We have
H0(X,Ω1X) = C{ϕ1 = dz1, ϕ2 = ez1dz2, ϕ3 = e−z1dz3} ,
H0(X,T 1,0X ) = C{θ1 =
∂
∂z1
, θ2 = e−z1
∂
∂z2
, θ3 = ez1
∂
∂z3
} ,
H0,1(X) = C{ψ1¯ = dz1¯, ψ2¯ = ez1dz2¯, ψ3¯ = e−z1dz3¯} ,
H0,1(X,T 1,0X ) = C{θiψλ¯, i = 1, 2, 3, λ = 1, 2, 3} ,
The Beltrami differential of the Kuranishi family of X is
φ(t) = φ1 = tiλθ
iψλ¯
and the Kuranishi space of X is
B = {t = (t11, t12, t13, t21, t22, t23, t31, t32, t33) ∈ C9 | |tiλ| < ǫ, i = 1, 2, 3, λ = 1, 2, 3},
9See Definition 4.3.
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where ǫ > 0 is sufficiently small. We will restrict to the one parameter family defined
by t12 = t13 = t21 = t22 = t23 = t31 = t32 = t33 = 0 and in this case the Beltrami
differential is φ = φ(t) = t ∂
∂z1
dz1¯ where t = t11.
Let us consider the deformation of classes in
H2,1BC(X) = C{ez
1
dz121, e2z
1
dz122, dz123, e−z
1
dz131, dz132, e−2z
1
dz133, dz231,
ez
1¯
dz131, ez
1¯
dz121}.
Set
σ0 =a121e
z1dz121 + a122e
2z1dz122 + a123dz
123 + a131e
−z1dz131 + a132dz
132
+ a133e
−2z1dz133 + a231dz
231 + b131e
z1¯dz131 + b121e
z1¯dz121,
then
∂iφ1σ0 = −2a122te2z
1
dz1212 + 2a133te
−2z1dz1313
is ∂¯-exact if and only if t = 0. Therefore, for V = H2,1BC(X) and t 6= 0 we have
Vt = C{ez1dz121, dz123, e−z1dz131, dz132, dz231, ez1¯dz131, ez1¯dz121}
On the other hand,
ker(∂∂¯)∗ ∩ Im ∂∂¯φ(t) ∩A2,1(X) =C{∂∂¯φ(t)ez
1
dz2, ∂∂¯φ(t)e
−z1dz3}
=C{tez1dz121¯, te−z1dz131¯}
and
dimker ft = dimker(∂∂¯)
∗ ∩ Im ∂∂¯φ(t) ∩A2,2(X) = 2.
By Proposition 4.5 we have
(6.4) dimH2,1
BCφ(t)(X) =


9, t = 0
5, t 6= 0 .
We summarise the computations of the deformed Bott-Chern cohomology in this case
as follows (where hp,q := dimHp,q
BCφ(t)(X) and t = 0, 6= 0, respectively):
h1,0 h0,1 h2,0 h1,1 h0,2 h3,0 h2,1 h1,2 h0,3 h3,1 h2,2 h1,3 h3,2 h2,3
1 1 3 7 3 1 9 9 1 3 11 3 5 5
1 1 1 5 3 1 5 7 1 1 7 3 3 3
From this table and [AK17b], we notice that Xt satisfy the ∂∂¯-lemma but X does
not satisfy the ∂∂¯φ(t)-lemma for any t 6= 0 .
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